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Let Y and Z be two Borel spaces. By B(Y , Z) we denote the set of all Borel maps of
Y into Z . In Aumann (1961) [2] and Rao (1971) [10] the authors tried to generalize the
results of R. Arens and J. Dugundji (see Arens and Dugundji (1951) [1]) for Borel spaces.
Unfortunately as R.J. Aumann observed in Aumann (1961) [2], the results of Arens and
Dugundji (1951) [1] are not true for Borel spaces, since for some of the simplest Borel
spaces for example it is impossible to deﬁned a Borel structure on the set B(Y , Z) such
that the map e : B(Y , Z) × Y → Z with e( f , y) = f (y) for every f ∈ B(Y , Z) and y ∈ Y
is Borel. Even if we consider the discrete structure on B(Y , Z), then e will not in general
be Borel. It is for this reason that in Aumann (1961) [2] and Rao (1971) [10] the authors
studied subsets F of B(Y , Z) and Borel structures on F such that the restriction of the map
e on F × Y is Borel.
In this paper we study the above problem and try to generalize the results presented in
Arens and Dugundji (1951) [1] for Borel spaces. More precisely in Section 1 the paper
preliminaries are given. In Sections 2 and 3 we give and study Borel A-splitting and A-
admissible structures on B(Y , Z), where A is an arbitrary family of Borel spaces, and prove
that there exists at most one Borel structure on B(Y , Z) which is both Borel splitting
and admissible. When this structure exists, it coincides with the greatest Borel splitting
structure, which always exists. We also present and study some special Borel structures
on B(Y , Z). In Section 4 some remarks for Borel structures on B(Y , Z) are stated. In
Section 5 we deﬁne and study some relations between the Borel structures of the set
B(Y , Z) and the Borel structures of the set BZ (Y ) consisting of all subsets f −1(B) of Y ,
where f ∈B(Y , Z) and B is an element of the Borel structure of Z , concerning the notions
of Borel A-splitting and Borel A-admissible Borel structures. Finally, some open questions
for Borel structures on the set of Borel mappings are posed.
© 2011 Elsevier B.V. All rights reserved.
1. Preliminaries
The following well-known notions and notations can be found, for example, in [5] (see also [6,4,3,2]).
A pair (X,B), where X is a non-empty set and B is a family of subsets of X closed under differences and countable
unions (therefore, closed also under countable intersections) with the property
⋃
B = X , is called a Borel space. The family
B is called the Borel structure of X and the elements of B are called Borel sets. Given E ⊆ P(X), there exists a smallest family
of subsets of X closed under differences and countable unions containing E , called the Borel structure generated by E .
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If E generates B2, it is enough to require this for every B ∈ E .
Let X be a topological space. By Bor(X) we denote the family of all Borel subsets of X , that is the smallest family of
subsets of X containing the open subsets of X and closed under complements and countable unions (therefore, closed under
countable intersections as well). Obviously, the pair (X,Bor(X)) is a Borel space.
Let X be a topological space. By Ba(X) we denote the family of all Baire subsets of X , that is the smallest family
of subsets of X containing the zero sets of X and closed under complements and countable unions (therefore, closed
also under countable intersections). Obviously, the pair (X,Ba(X)) is a Borel space. We note that if X is metrizable, then
Ba(X) = Bor(X) (see, for example, [5]).
Let (Y ,B1) and (Z ,B2) be two Borel spaces. The Borel structure of the product Y × Z is taken to be the smallest family
of subsets of Y × Z containing all the sets of the form A × B , where A ∈ B1 and B ∈ B2, and closed under differences and
countable unions.
2. Coordinately BorelA-splitting andA-admissible structures on B(Y , Z)
In what follows we denote by Y and Z two ﬁxed Borel spaces and by B(Y , Z) the set of all Borel maps of Y into Z .
Also, if B is a Borel structure of the set B(Y , Z), then the corresponding Borel space is denoted by BB(Y , Z).
Notations. Let X be an arbitrary Borel space and F a map of X × Y into Z . Let Fx be the map of Y into Z deﬁned by
Fx(y) = F (x, y) for every y ∈ Y and F y the map of X into Z deﬁned by F y(x) = F (x, y) for every x ∈ X . Also, we denote
by e : B(Y , Z) × Y → Z the map deﬁned by e( f , y) = f (y) for every f ∈ B(Y , Z) and y ∈ Y . We call this map an evaluation
map.
Deﬁnition 2.1. Let X be an arbitrary Borel space. A mapping F : X × Y → Z is said to be coordinately Borel if for every x ∈ X
and y ∈ Y the maps Fx : Y → Z and F y : X → Z are Borel.
Remark. We observe that if a map F : X × Y → Z is Borel, then F is coordinately Borel.
Notations. (1) We suppose that F : X × Y → Z is a coordinately Borel map. We denote by F̂ the map of X into the set
B(Y , Z) deﬁned by F̂ (x) = Fx for every x ∈ X .
(2) Let G be a map of X into B(Y , Z). We denote by G˜ the map of X × Y into Z deﬁned by G˜(x, y) = G(x)(y) for every
(x, y) ∈ X × Y .
Deﬁnition 2.2. Let A be a family of Borel spaces.
(1) A Borel structure B on B(Y , Z) is called coordinately Borel A-splitting if for every space X ∈ A the following implication
holds: if the map F : X × Y → Z is coordinately Borel, then the map F̂ : X → BB(Y , Z) is Borel.
(2) A Borel structure B on B(Y , Z) is called coordinately Borel A-admissible if for every space X ∈ A the following implication
holds: if the map G : X → BB(Y , Z) is Borel, then the map G˜ : X × Y → Z is coordinately Borel.
Remark. If A is the family of all Borel spaces, then we use the notions of coordinately Borel splitting and coordinately Borel
admissible instead of the notions coordinately Borel A-splitting and coordinately Borel A-admissible, respectively. Also, for
A = {X}, where X is a Borel space, we use the notions of coordinately Borel X-splitting and coordinately Borel X-admissible
instead of the notions coordinately Borel A-splitting and coordinately Borel A-admissible, respectively.
We give below some results concerning coordinately Borel A-splitting and coordinately Borel A-admissible Borel struc-
tures on B(Y , Z).
Proposition 2.3. Let B be a Borel structure on B(Y , Z) such that BB(Y , Z) ∈ A. Then, the Borel structure B on B(Y , Z) is coordinately
Borel A-admissible if and only if the evaluation map e : BB(Y , Z) × Y → Z is coordinately Borel.
Proof. We suppose that the structure B is coordinately Borel A-admissible. We prove that the map e : BB(Y , Z) × Y → Z is
coordinately Borel. Indeed, let X = BB(Y , Z) and G the identity map id : BB(Y , Z) → BB(Y , Z). Then, the map G˜ : BB(Y , Z)×
Y → Z is coordinately Borel. We observe that G˜ = e. Thus, the map e is coordinately Borel.
Conversely, we suppose that the map e : BB(Y , Z) × Y → Z is coordinately Borel. We prove that the Borel structure B
is coordinately Borel A-admissible. Let X ∈ A and G : X → BB(Y , Z) be a Borel map. It suﬃces to prove that the map
G˜ : X × Y → Z is coordinately Borel, that is for every x ∈ X and y ∈ Y the maps G˜x and G˜ y are Borel.
Indeed, let x ∈ X . Then, for every y ∈ Y we have
G˜x(y) = G˜(x, y) = G(x)(y) = e
(
G(x), y
)= eG(x)(y).
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Now, let y ∈ Y . Then, for every x ∈ X we have
G˜ y(x) = G˜(x, y) = G(x)(y) = e(G(x), y)= ey(G(x))= (ey ◦ G)(x).
Since the map e is coordinately Borel, the map ey is Borel. Therefore, since the map G is Borel, the composition ey ◦ G is
Borel. Thus, the map G˜ y is Borel and, therefore, the map G˜ is coordinately Borel. 
Corollary 2.4. A Borel structure B on B(Y , Z) is coordinately Borel admissible if and only if the evaluation map e : BB(Y , Z)× Y → Z
is coordinately Borel.
Proposition 2.5. Let B be a Borel structure on B(Y , Z). The following statements are true:
(1) If B′ is a coordinately Borel A-splitting structure on B(Y , Z) and B ⊆ B′ , then B is coordinately Borel A-splitting.
(2) If B′ is a coordinately Borel A-admissible structure on B(Y , Z), BB(Y , Z) ∈ A, and B′ ⊆ B, then B is coordinately Borel A-
admissible.
Proof. (1) Since B ⊆ B′ , the identity map id : BB′(Y , Z) → BB(Y , Z) is Borel. Let X ∈ A and F : X × Y → Z be a coordi-
nately Borel map. Then, the map F̂ : X → BB′(Y , Z) is Borel. Therefore, the map id ◦ F̂ : X → BB(Y , Z) is Borel. Thus, B is
coordinately Borel A-splitting.
(2) Since B′ ⊆ B, the identity map G = id : BB(Y , Z) → BB′(Y , Z) is Borel. Therefore, the map G˜ : BB(Y , Z) × Y → Z
is coordinately Borel. We observe that G˜ = e. Thus, by Proposition 2.3 the Borel structure B is coordinately Borel A-
admissible. 
Corollary 2.6. The following statements are true:
(1) A Borel structure on B(Y , Z) smaller than a coordinately Borel splitting structure on B(Y , Z) is also coordinately Borel splitting.
(2) A Borel structure on B(Y , Z) greater than a coordinately Borel admissible structure on B(Y , Z) is also coordinately Borel admis-
sible.
Proposition 2.7. If B is a coordinately Borel A-admissible structure on B(Y , Z) such that BB(Y , Z) ∈ A, then for every coordinately
Borel A-splitting structure B′ on B(Y , Z) we have B′ ⊆ B.
Proof. By Proposition 2.3 the evaluation map e : BB(Y , Z) × Y → Z is coordinately Borel. Therefore, the map ê : BB(Y , Z) →
BB′(Y , Z) is Borel. We observe that ê = id. Thus, B′ ⊆ B. 
Corollary 2.8. If B is a coordinately Borel admissible structure on B(Y , Z), then for every coordinately Borel splitting structure B′ on
B(Y , Z) we have B′ ⊆ B.
Proposition 2.9. Let A be a family of Borel spaces. Then, there exists the greatest coordinately Borel A-splitting structure of the set
B(Y , Z) which is denoted by BCorgs (A).
Proof. Let {Bλ: λ ∈ Λ} be the collection of all coordinately Borel A-splitting structures on B(Y , Z) and let B the Borel
structure on B(Y , Z) generated by the set ⋃{Bλ: λ ∈ Λ}. Clearly, Bλ ⊆ B for every λ ∈ Λ. So, it suﬃces to prove that B is
coordinately Borel A-splitting. Let (X,BX ) ∈ A and F : X × Y → Z be a coordinately Borel map. We prove that the map F̂ :
X → BB(Y , Z) is Borel. It suﬃces to prove that for every B ∈⋃{Bλ: λ ∈ Λ}, F̂−1(B) is Borel. Indeed, let B ∈⋃{Bλ: λ ∈ Λ}.
Then, there exists λ ∈ Λ such that B ∈ Bλ . Therefore, since Bλ is coordinately Borel A-splitting, F̂−1(B) ∈ BX . Thus, the map
F̂ is Borel and hence B is coordinately Borel A-splitting. 
Corollary 2.10. There exists the greatest coordinately Borel splitting structure of the set B(Y , Z) which is denoted by BCorgs .
Proposition 2.11. There exists at most one Borel structure on B(Y , Z) which is both coordinately Borel splitting and admissible. When
this structure exists, it coincides with the greatest coordinately Borel splitting structure which always exists.
Proof. Let B and B′ be two Borel structures on B(Y , Z) which are both coordinately Borel splitting and admissible. Since
the structure B is coordinately Borel admissible and the structure B′ is coordinately Borel splitting, by Corollary 2.8 we have
B′ ⊆ B. On the other hand since the structure B′ is coordinately Borel admissible and the structure B is coordinately Borel
splitting, by Corollary 2.8 we have B ⊆ B′ . Thus, B = B′ .
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B is coordinately Borel admissible, by Corollary 2.8 we have BCorgs ⊆ B. On the other hand since the structure B is coordinately
Borel splitting we have B ⊆ BCorgs . Thus, B = BCorgs . 
The following two propositions are easily proved.
Proposition 2.12. For every family A of Borel spaces the trivial Borel structure on B(Y , Z), that is the family {∅,B(Y , Z)}, is the
smallest coordinately Borel A-splitting structure.
Proposition 2.13. For every family A of Borel spaces the discrete Borel structure on B(Y , Z), that is the family P(B(Y , Z)), is the
greatest coordinately Borel A-admissible structure.
Corollary 2.14. The trivial Borel structure on B(Y , Z) is the smallest coordinately Borel splitting structure. Also, the discrete Borel
structure on B(Y , Z) is the greatest coordinately Borel admissible structure.
Deﬁnition 2.15. The point-Borel Borel structure Bp on B(Y , Z) is the smallest family of subsets of B(Y , Z) containing all sets
of the form({y}, B)= { f ∈ B(Y , Z): f (y) ∈ B},
where y ∈ Y and B is a Borel set in Z , and closed under differences and countable unions.
Proposition 2.16. The point-Borel Borel structure Bp on B(Y , Z) is coordinately Borel A-admissible.
Proof. Let (X,BX ) ∈ A and G : X → BBp (Y , Z) be a Borel map. It suﬃces to prove that the map G˜ : X × Y → Z is coordi-
nately Borel.
Let x ∈ X . Consider the map G˜x : Y → Z . Then, for every y ∈ Y we have
G˜x(y) = G˜(x, y) = G(x)(y).
Since G(x) ∈ B(Y , Z), the map G˜x is Borel.
Now, let y ∈ Y and consider the map G˜ y : X → Z . Then, for every x ∈ X we have
G˜ y(x) = G˜(x, y).
We prove that the map G˜ y is Borel. Indeed, let B be a Borel set in Z . Then,(
G˜ y
)−1
(B) = {x ∈ X: G(x)(y) = G˜(x, y) = G˜ y(x) ∈ B}= G−1(({y}, B)).
Since G is Borel, (G˜ y)−1(B) = G−1(({y}, B)) ∈ BX . Thus, the map G˜ y is Borel. 
Proposition 2.17. The point-Borel Borel structure Bp on B(Y , Z) is coordinately Borel A-splitting.
Proof. Let (X,BX ) ∈ A and F : X × Y → Z be a coordinately Borel map. It suﬃces to prove that the map F̂ : X → BBp (Y , Z)
is Borel.
Indeed, let B be a Borel set in Z . Then,
F̂−1
(({y}, B))= {x ∈ X: F̂ (x)(y) = F (x, y) = F y(x) ∈ B}= (F y)−1(B).
Since F y is Borel, F̂−1(({y}, B)) ∈ BX . Thus, the map F̂ is Borel. 
By Corollary 2.10, Propositions 2.16 and 2.17 we have the following corollary.
Corollary 2.18. Bp = BCorgs .
3. BorelA-splitting andA-admissible structures on B(Y , Z)
Deﬁnition 3.1. Let A be a family of spaces.
(1) A Borel structure B on B(Y , Z) is called Borel A-splitting if for every space X ∈ A the following implication holds: if the
map F : X × Y → Z is Borel, then the map F̂ : X → BB(Y , Z) is Borel.
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the map G : X → BB(Y , Z) is Borel, then the map G˜ : X × Y → Z is Borel.
Remark. If A is the family of all Borel spaces, then we use the notions of Borel splitting and Borel admissible instead of
the notions Borel A-splitting and Borel A-admissible, respectively. Also, for A = {X}, where X is a Borel space, we use
the notions of Borel X-splitting and Borel X-admissible instead of the notions Borel A-splitting and Borel A-admissible,
respectively.
We give below some results concerning Borel A-splitting and Borel A-admissible Borel structures on B(Y , Z).
Proposition 3.2. Let B be a Borel structure on B(Y , Z) such that BB(Y , Z) ∈ A. Then, the Borel structure B on B(Y , Z) is Borel
A-admissible if and only if the evaluation map e : BB(Y , Z) × Y → Z is Borel.
Proof. We suppose that the Borel structure B is Borel A-admissible. We prove that the map e : BB(Y , Z) × Y → Z is Borel.
Indeed, let X = BB(Y , Z) and G be the identity map id : BB(Y , Z) → BB(Y , Z). Then, the map G˜ : BB(Y , Z)× Y → Z is Borel.
We observe that G˜ = e. Thus, the map e is Borel.
Conversely, we suppose the map e : BB(Y , Z) × Y → Z is Borel. We prove that B is Borel A-admissible. Let X ∈ A and
G : X → BB(Y , Z) be a Borel map. It suﬃces to prove that the map G˜ : X × Y → Z is Borel. Let id : Y → Y be the identity
map. For every (x, y) ∈ X × Y we have(
e ◦ (G × id))(x, y) = e((G × id)(x, y))= e(G(x), y)= G(x)(y) = G˜(x, y).
Since the maps G , id, and e are Borel, the map G˜ is Borel. 
Corollary 3.3. A Borel structure B on B(Y , Z) is Borel admissible if and only if the evaluation map e : BB(Y , Z) × Y → Z is Borel.
Proposition 3.4. Let B be a Borel structure on B(Y , Z). The following statements are true:
(1) If B′ is a Borel A-splitting structure on B(Y , Z) and B ⊆ B′ , then B is Borel A-splitting.
(2) If B′ is a Borel A-admissible structure on B(Y , Z), BB(Y , Z) ∈ A and B′ ⊆ B, then B is Borel A-admissible.
Proof. The proof is similar to the proof of Proposition 2.5. 
Corollary 3.5. The following statements are true:
(1) A Borel structure on B(Y , Z) smaller than a Borel splitting structure on B(Y , Z) is also Borel splitting.
(2) A Borel structure on B(Y , Z) greater than a Borel admissible structure on B(Y , Z) is also Borel admissible.
Proposition 3.6. If B is a Borel A-admissible structure on B(Y , Z) such that BB(Y , Z) ∈ A, then for every Borel A-splitting structure
B′ on B(Y , Z) we have B′ ⊆ B.
Proof. The proof is similar to the proof of Proposition 2.7. 
Corollary 3.7. If B is a Borel admissible structure on B(Y , Z), then for every Borel splitting structure B′ on B(Y , Z) we have B′ ⊆ B.
Proposition 3.8. There exists the greatest Borel A-splitting structure on the set B(Y , Z) which is denoted by Bgs(A).
Proof. The proof is similar to the proof of Proposition 2.9. 
Proposition 3.9. There exists at most one Borel structure on B(Y , Z) which is both Borel splitting and admissible. When this structure
exists, it coincides with the greatest Borel splitting structure which always exists.
Proof. The proof is similar to the proof of Proposition 2.11. 
Deﬁnition 3.10. The countable-Borel Borel structure Bcount on B(Y , Z) is the smallest family of subsets of B(Y , Z) containing
all sets of the form
(M, B) = { f ∈ B(Y , Z): f (M) ⊆ B},
where M is a countable subset of Y and B is a Borel set in Z , and closed under differences and countable unions.
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Proof. Let (X,BX ) ∈ A and F : X×Y → Z be a coordinately Borel map. It suﬃces to prove that the map F̂ : X → BBcount (Y , Z)
is Borel. Indeed, let M be a countable subset of Y and B a Borel set in Z . Then,
F̂−1((M, B)) = F̂−1
(( ⋃
y∈M
{y}, B
))
= F̂−1
( ⋂
y∈M
({y}, B))= ⋂
y∈M
F̂−1
(({y}, B)).
Moreover, for every y ∈ M we have
F̂−1
(({y}, B))= {x ∈ X: F̂ (x)(y) = F (x, y) = F y(x) ∈ B}= (F y)−1(B).
Since F y is Borel, F̂−1(({y}, B)) ∈ BX and, therefore,
F̂−1((M, B)) =
⋂
y∈M
F̂−1
(({y}, B)) ∈ BX .
Thus, the map F̂ is Borel. This means that the countable-Borel Borel structure Bcount of B(Y , Z) is Borel A-splitting. 
4. Some remarks for Borel structures of subsets of B(Y , Z)
Remark 4.1. Let Y and Z be two topological spaces.
(1) We consider the Borel spaces (Y ,Bor(Y )) and (Z ,Bor(Z)). Every topology on the set B(Y , Z) generates the Borel struc-
ture Bor(B(Y , Z)) on B(Y , Z). We note that all the deﬁnitions and propositions concerning the Borel structure on
B(Y , Z) are valid for the Borel structure Bor(B(Y , Z)).
(2) We consider the Borel spaces (Y ,Ba(Y )) and (Z ,Ba(Z)). Every topology on the set B(Y , Z) generates the Borel structure
Ba(B(Y , Z)) on B(Y , Z). We note that all the deﬁnitions and propositions concerning the Borel structure on B(Y , Z)
are valid for the Borel structure Ba(B(Y , Z)).
Notation. Let F ⊆ B(Y , Z). If B is a Borel structure of the set F , then the corresponding Borel space is denoted by FB .
Deﬁnition 4.2. Let A be a family of spaces and F ⊆ B(Y , Z). A Borel structure B on F is called Borel A-admissible if for
every space X ∈ A the following implication holds: if the map G : X → FB is Borel, then the map G˜ : X × Y → Z is Borel.
The subset F of B(Y , Z) is called Borel A-admissible if it is possible to deﬁne on it a Borel A-admissible structure.
Remark. If A is the family of all Borel spaces, then we use the notion of Borel admissible instead of the notion Borel
A-admissible (see [2] and [10]).
Proposition 4.3. Let B be a Borel structure on F such that F ∈ A. Then, B is Borel A-admissible if and only if the evaluation map
e : FB × Y → Z is Borel.
Proof. We suppose that the structure B is Borel A-admissible. We prove that the map e : FB × Y → Z is Borel. Indeed, let
X = F and G the identity map id : F → F . Then, the map G˜ : F × Y → Z is Borel. We observe that G˜ = e. Thus, the map e is
Borel.
Conversely, we suppose that the map e : FB × Y → Z is Borel. We prove that B is Borel A-admissible. Let X ∈ A and
G : X → FB be a Borel map. It suﬃces to prove that the map G˜ : X × Y → Z is Borel. Let id : Y → Y be the identity map. For
every (x, y) ∈ X × Y we have(
e ◦ (G × id))(x, y) = e((G × id)(x, y))= e(G(x), y)= G(x)(y) = G˜(x, y).
Since the maps G , id, and e are Borel, the map G˜ is Borel. 
5. Dual Borel structures
In what follows, for two ﬁxed Borel spaces (Y ,B1) and (Z ,B2) we consider the set B(Y , Z) of all Borel maps of Y into
Z and the set
BZ (Y ) ≡
{
f −1(B): f ∈ B(Y , Z), B ∈ B2
}
.
If β is a Borel structure of the set BZ (Y ), then the corresponding Borel space is denoted by (BZ (Y ))β . We deﬁne and study
some relations between the Borel structures of the set B(Y , Z) and the Borel structures of the set BZ (Y ) concerning the
notions of coordinately Borel A-splitting and coordinately Borel A-admissible Borel structures.
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(H, B) = { f ∈ B(Y , Z): f −1(B) ∈H}
and
(H, B) = { f −1(B): f ∈ H}.
Deﬁnition 5.1. Let β be a Borel structure on BZ (Y ). The Borel structure on B(Y , Z) generated by the set
s(β) ≡ {(H, B): H ∈ β, B ∈ B2}
is called dual to β and is denoted by B(β).
Deﬁnition 5.2. Let B be a Borel structure on B(Y , Z). The Borel structure on BZ (Y ) generated by the set
σ(B) ≡ {(H, B): H ∈ B, B ∈ B2}
is called dual to B and is denoted by β(B).
Notations. (1) We suppose that F : X × Y → Z is a coordinately Borel map. We denote by F the map of X × B2 into the set
BZ (Y ) deﬁned by F (x, B) = F−1x (B) for every x ∈ X and B ∈ B2.
(2) Let G be a map of X into B(Y , Z). We denote by G the map of X × B2 into BZ (Y ) deﬁned by G(x, B) = (G(x))−1(B)
for every x ∈ X and B ∈ B2.
Deﬁnition 5.3. Let β be a Borel structure on BZ (Y ). We say that a map M of X × B2 into BZ (Y ) is Borel with respect to the
ﬁrst variable if for every ﬁxed element B of B2 the map MB : X → (BZ (Y ))β deﬁned by MB(x) = M(x, B) for every x ∈ X is
Borel.
Deﬁnition 5.4. Let A be a family of Borel spaces.
(1) A Borel structure β on BZ (Y ) is called coordinately Borel A-splitting if for every Borel space X ∈ A the following impli-
cation holds: if the map F : X × Y → Z is coordinately Borel, then the map F : X ×B2 → (BZ (Y ))β is Borel with respect
to the ﬁrst variable.
(2) A Borel structure β on BZ (Y ) is called coordinately Borel A-admissible if for every Borel space X ∈ A and for every map
G : X → B(Y , Z) the following implication holds: if the map G : X × B2 → (BZ (Y ))β is Borel with respect to the ﬁrst
variable, then the map G˜ : X × Y → Z is coordinately Borel.
Remark. If A is the family of all Borel spaces, then we use the notions of coordinately Borel splitting and coordinately Borel
admissible instead of the notions coordinately Borel A-splitting and coordinately Borel A-admissible, respectively.
Proposition 5.5. A Borel structure β of the set BZ (Y ) is coordinately Borel A-splitting if and only if the Borel structure B(β) on
B(Y , Z) is coordinately Borel A-splitting.
Proof. We suppose that the Borel structure β on BZ (Y ) is coordinately Borel A-splitting. We prove that B(β) is coordinately
Borel A-splitting.
Let (X,BX ) ∈ A. We suppose that the map F : X × Y → Z is coordinately Borel. Then, the map F : X × B2 → (BZ (Y ))β is
Borel with respect to the ﬁrst variable. We need to prove that the map F̂ : X → BB(β)(Y , Z) is Borel. It suﬃces to prove that
for every H ∈ β and B ∈ B2 we have F̂−1((H, B)) ∈ BX . Let H ∈ β and B ∈ B2. Then,
F̂−1((H, B)) = {x ∈ X: F̂ (x)−1(B) = F−1x (B) = F B(x) ∈H}= F−1B (H).
Since F B is Borel, F
−1
B (H) = F̂−1((H, B)) ∈ BX . Thus, the map F̂ is Borel.
Conversely, we suppose that the Borel structure B(β) on B(Y , Z) is coordinately Borel A-splitting. We prove that β is
coordinately Borel A-splitting.
Let (X,BX ) ∈ A. We suppose that the map F : X × Y → Z is coordinately Borel. Then, the map F̂ : X → BB(β)(Y , Z) is
Borel. We need to prove that the map F : X ×B2 → (BZ (Y ))β is Borel with respect to the ﬁrst variable. Let B ∈ B2. It suﬃces
to prove that for every H ∈ β we have F−1B (H) ∈ BX . Let H ∈ β . Then,
F−1B (H) =
{
x ∈ X: F B(x) = Fx−1(B) = F̂ (x)−1(B) ∈H
}= F̂−1((H, B)).
Since F̂ is Borel, F̂−1((H, B)) = F−1B (H) ∈ BX . Thus, the map F B is Borel and, therefore, the map F is Borel with respect to
the ﬁrst variable. 
D. Georgiou et al. / Topology and its Applications 159 (2012) 1906–1915 1913Corollary 5.6. A Borel structure β on BZ (Y ) is coordinately Borel splitting if and only if the Borel structure B(β) on B(Y , Z) is
coordinately Borel splitting.
Proposition 5.7. A Borel structure B on B(Y , Z) is coordinately Borel A-splitting if and only if the Borel structure β(B) on BZ (Y ) is
coordinately Borel A-splitting.
Proof. The proof is similar to the proof of Proposition 5.5. 
Proposition 5.8. A Borel structure β of the set BZ (Y ) is coordinately Borel A-admissible if and only if the Borel structure B(β) on
B(Y , Z) is coordinately Borel A-admissible.
Proof. We suppose that the Borel structure β on BZ (Y ) is coordinately Borel A-admissible. We prove that B(β) is coordi-
nately Borel A-admissible.
Let (X,BX ) ∈ A. We suppose that the map G : X → BB(β)(Y , Z) is Borel. We need to prove that the map G˜ : X × Y → Z
is coordinately Borel. It suﬃces to prove that the map G : X × B2 → (BZ (Y ))β is Borel with respect to the ﬁrst variable. Let
B ∈ B2. We prove that for every H ∈ β we have G−1B (H) ∈ BX . Let H ∈ β . Then,
G−1B (H) =
{
x ∈ X: GB(x) = G(x)−1(B) ∈H
}= G−1((H, B)).
Since G is Borel, G−1((H, B)) = G−1B (H) ∈ BX . Thus, the map GB is Borel and, therefore, the map G is Borel with respect to
the ﬁrst variable.
Conversely, we suppose that the Borel structure B(β) on B(Y , Z) is coordinately Borel A-admissible. We prove that β is
coordinately Borel A-admissible.
Let (X,BX ) ∈ A and G : X → B(Y , Z). We suppose that the map G : X × B2 → (BZ (Y ))β is Borel with respect to the
ﬁrst variable. We need to prove that the map G˜ : X × Y → Z is coordinately Borel. It suﬃces to prove that the map
G : X → BB(β)(Y , Z) is Borel. We prove that for every H ∈ β and B ∈ B2 we have G−1((H, B)) ∈ BX . Let H ∈ β and B ∈ B2.
Then,
G−1((H, B)) = {x ∈ X: G(x)−1(B) = GB(x) ∈H}= G−1B (H).
Since GB is Borel, G
−1
B (H) = G−1((H, B)) ∈ BX . Thus, the map G is Borel. 
Corollary 5.9. A Borel structure β on BZ (Y ) is coordinately Borel admissible if and only if the Borel structure B(β) on B(Y , Z) is
coordinately Borel admissible.
Proposition 5.10. A Borel structure B on B(Y , Z) is coordinately Borel A-admissible if and only if the Borel structure β(B) on BZ (Y )
is coordinately Borel A-admissible.
Proof. The proof is similar to the proof of Proposition 5.8. 
Deﬁnition 5.11. A Borel structure on B(Y , Z) (respectively, on BZ (Y )) is said to be a family-Borel structure if it is dual to a
Borel structure on BZ (Y ) (respectively, to a Borel structure on B(Y , Z)).
Lemma 5.12. Let H be a subset of BZ (Y ). Then,
H=
⋃{(
(H, B), B
)
: B ∈ B2
}
.
Proof. For every B ∈ B2 we have(
(H, B), B
)= { f −1(B): f ∈ (H, B)}= { f −1(B): f −1(B) ∈H}⊆H.
Therefore,⋃{(
(H, B), B
)
: B ∈ B2
}⊆H.
Now, let A ∈H. Then, there exist f ∈ B(Y , Z) and B ∈ B2 such that A = f −1(B). Since f −1(B) ∈ ((H, B), B), we have
H⊆
⋃{(
(H, B), B
)
: B ∈ B2
}
.
Thus,
H=
⋃{(
(H, B), B
)
: B ∈ B2
}
. 
1914 D. Georgiou et al. / Topology and its Applications 159 (2012) 1906–1915Lemma 5.13. Let β1 and β2 be two Borel structures of the set BZ (Y ) such that β1 ⊆ β2 . Then, B(β1) ⊆ B(β2).
Proof. Follows easily from Deﬁnition 5.1. 
Lemma 5.14. Let B1 and B2 be two Borel structures of the set B(Y , Z) such that B1 ⊆ B2 . Then, β(B1) ⊆ β(B2).
Proof. Follows easily from Deﬁnition 5.2. 
Remark 5.15. Let β be a Borel structure of the set BZ (Y ). If the Borel structure B2 of Z is countable, then the following are
true:
(1) β ⊆ β(B(β)) ⊆ β(B(β(B(β)))) ⊆ · · · .
(2) B(β) ⊆ B(β(B(β))) ⊆ B(β(B(β(B(β))))) ⊆ · · · .
Indeed, we prove, for example, the inclusion β ⊆ β(B(β)) in the relation (1). Let H ∈ β . By Lemma 5.12 we have
H=
⋃{(
(H, B), B
)
: B ∈ B2
}
,
where (H, B) ∈ B(β) and ((H, B), B) ∈ σ(B). Therefore, since the Borel structure B2 of Z is countable, by Deﬁnition 5.2 we
have H ∈ β(B(β)). Thus, β ⊆ β(B(β)). All other inclusion follow by Lemmas 5.13 and 5.14. 
6. Some open problems
1. Let B0 be a Borel structure on B(Y , Z). Does there exist a family-Borel Borel structure B on B(Y , Z) such that B0 ⊆ B?
In particular, is it true that B0 ⊆ B(β(B0))?
2. Does there exist greatest coordinately Borel splitting structure on the set BZ (Y )?
3. Does there exist greatest coordinately Borel splitting family-Borel structure on the set BZ (Y )?
Deﬁnition 6.1. Let β be a Borel structure on BZ (Y ) and B a Borel structure on B(Y , Z). The pair (β,B) is called a pair of
mutually dual Borel structures if β = β(B) and B = B(β).
4. Let B be a family-Borel Borel structure on B(Y , Z). Does there exist a Borel structure β on the set BZ (Y ) with the
properties:
(a) B(β) = B and
(b) if β ′ is a Borel structure on BZ (Y ) such that B(β ′) = B, then β ′ ⊆ β (that is, β is the greatest Borel structure on
BZ (Y ) for which B is dual).
5. Let β be a family-Borel Borel structure on BZ (Y ). Does there exist a Borel structure B on the set B(Y , Z) with the
properties:
(a) β(B) = β and
(b) if B′ is a Borel structure on B(Y , Z) such that β(B′) = β , then B′ ⊆ B (that is, B is the greatest Borel structure on
B(Y , Z) for which β is dual).
6. Let β0 be a Borel structure on BZ (Y ). Does there exist a pair (β,B) of mutually dual Borel structures with the
properties:
(a) β0 ⊆ β and
(b) if (β ′,B′) is a pair of mutually dual topologies such that β0 ⊆ β ′ , then β ⊆ β ′ and B ⊆ B′ .
7. Let B0 be a Borel structure on B(Y , Z). Does there exist a pair (β,B) of mutually dual Borel structures with the
properties:
(a) B0 ⊆ B and
(b) if (β ′,B′) is a pair of mutually dual topologies such that B0 ⊆ B′ , then β ⊆ β ′ and B ⊆ B′ .
Remark. For some similar notions and open problems concerning function spaces see [7–9].
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